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Abstract 

We discuss the Hopf-Wess-Zumino term in the effective action of the 6d (2, 0) theory 
of the type ^at-i in a generic Coulomb branch. For such terms, the supergravity 
calculation could be trusted. We calculate the WZ term on supergravity side and show 
that it could compensate the anomaly deficit, as is required by the anomaly matching 
condition. In contrast with the SYM theory, in which each WZ term involves one root 
Cj — Cj, here, the typical WZ term involves two roots Cj — ej and Cfc — ej. Such kind 
of triple interaction may come from the integrating out of the massive states carrying 
three indices. A natural candidate is the recently proposed 1/4 BPS objects in the 
Coulomb phase of the 6d (2, 0) theories. The WZ term could be derived from the field 
theory by the integration out of massive degrees of freedom. Without the 6d (2, 0) 
theory at hand, we take the supersymmetric equations for the 3-algebra valued (2, 0) 
tensor multiplet as the prototype to see how far we can go. The A A3 part of the 
WZ term is obtained, while the A3 A i<4 part, which is the term accounting for the 
anomaly matching, cannot be produced by the standard fermion loop integration. 



Keywords: M-Theory, Brane Dynamics in Gauge Theories, Anomalies in Field and String 
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1 Introduction 



Low energy effective action of tlie field theory in tlie Coulomb branch may contain the Wess- 
Zumino term arising from the integration out of massive fermions getting masses via the 
Yukawa coupling with the vacuum expectation value of the scalar fields [1, 2]. The existence 
of the Wess-Zumino term is also required by the anomaly matching condition [3] . At a generic 
point of the moduli space, the gauge symmetry is broken, and then, the 't Hooft anomaly 
produced by massless degrees of freedom is different from the anomaly at the origin. On 
the other hand, the anomaly matching condition states that the 't Hooft anomaly should be 
the same everywhere on the moduli space of vacua. As a result, away from the origin, the 
integrating out of the massive degrees of freedom should generate the Wess-Zumino term in 
the low energy effective action compensating the deficit so that the total anomaly remains 
the same [3, 4]. 

The WZ term is a topological term that does not depend on the metric nor the coupling, 
so it is protected without the need of invoking any supersymmetric non-renormalization 
theorems. For such terms, we may expect that the 1-loop calculation in field theory and 
the supergravity calculation would match. On supergravity side, the Wess-Zumino term is 
associated with the magnetic-electric coupling. For Dp-branes with p > 3, it is given by 
F8-p(ArfA)P-3 = (-l)P/^^^^ F8_p A A{^dAY'^ [5, 6], where Fg^^ is the magnetic field 
strength, while {/\dAY^^ offers the electric charge. When p = 3, jyY^^^Fii,^p{/\dAY~^ — )■ 
/^^g -^5, because the D3-branc carries magnetic as well as the electric charge [6]. For M5 
branes, the WZ term is composed by /^y^ dh2 A A^ and J^^^ A^ A F4, which are discussed in 
[7] and [4] respectively, /^y^ dh2 A A3 does not contribute to the anomaly. It is /^.^ A^, A F4 
that accounts for the anomaly deficit. [4] considered the situation when the gauge symmetry 
is broken from SU{N + 1) to SU{N) x C/(l) by the vacuum expectation value 0". The 
corresponding WZ term takes the form of /^^^ C3(0) A da^{(f)), where da^[(f)) is the puUback 
of the 4- form field strength generated by a single M5 brane while o"3(0) is the corresponding 
3-form potential. = 0/|0|. It was shown that with the coefficient given by A^(A^+l)/2, the 
WZ term could reproduce the anomaly deficit between SU{N + 1) and SU{N) x U{1). In 
this note, wc will extend the discussion to the generic Coulomb branch (0", ■ ■ ■ , 0^). We will 
show that the supergravity calculation could give the right coefficient, while the WZ term, 
although takes the form of /^^^ {(pij ) A da-^ {(p^j ) with 0jj = (0j — 0^ ) / 1 0j — 0^ | , could produce 
the same amount of anomaly as that of /^^^ (J3(0) A ^(73(0). So the WZ term obtained from 
the supergravity calculation indeed compensates the anomaly deficit thus should appear in 
the low energy effective action, as is required by the anomaly matching condition. 

In the generic Coulomb branch, the WZ term in SYM theory is (— 1)^/^^^^ F^_p{(j)ij) A 
Aij\/\dAijY~'^,^ which is the typical pair-wise interaction arising from the the integration 
out of massive fermions carrying index j), or open strings connecting the ith and the jth 
D-brane [5, 6]. The term jy^^ a^{4>ij) A da^{(i)kj) for M5 branes seems indicate some kind of 

^Aij = Ai — Aj. It is the relative flux that makes sense. 
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triple interaction: three M5 branes could interact simultaneously. One may naturally expect 
that such term comes from the integration out of massive fermions with (i,j,k) index, or 
open M2 branes connecting the ith, the jth, and the kth M5 brancs. In [8] and more recently, 
[9], the 1/4 BPS objects in the Coulomb phase of the ADE-type 6d (2,0) superconformal 
theories are considered. They are made of waves on selfdual strings and junctions of selfdual 
strings. In [9], it was shown that the number of 1/4 BPS objects matches exactly one third 
of the anomaly constant cq = dahc for all ADE types, indicating that the anomaly may 
be produced by these 1/4 BPS objects. Moreover, the tension of the string junctions is 
characterized by — |0j — j^^ — which is just what is needed to produce the 
WZ term, since the selfdual string with tension |0j — is not enough to give the couphng 
like (Tz{4>ij) A da3{4)kj). 

For SYM theories, the WZ term could be derived by a 1-loop calculation [5, 6, 10]. It 
is expected that the WZ term for 6d (2, 0) theories could also be obtained via a proper 
integration. The 6d (2, 0) theory is not constructed yet. Nevertheless, the form of the WZ 
term may offer some hint on the possible structure the underlying theory. Of course, it is 
possible that to construct the 6d SOFT, some new ingredient must be added making the 
theory different from the QFT in normal sense, and so the way to calculate the WZ term is 
also beyond the present knowledge. On the other hand, if the 6d (2, 0) theory could be built 
as an ordinary quantum field theory just as that for M2 branes, we will be able to calculate 
the WZ term with the standard field theory methods. In [11], the supersymmetric equations 
of motion for the 3-algebra valued (2, 0) tensor multiplet were found, which may shed light 
on our understanding of the mysterious 6d, SCFT. We will calculate the WZ term for the 
3-algebra valued (2, 0) tensor multiplet to sec how far we can go. The A part of the 
WZ term is obtained. Especially, without the constraint equations in [11], A A3 cannot 
be derived. However, the A3 A F4 part cannot be obtained by the 1-loop fermion integration, 
so either a refined calculation method or a refined theory is needed. 

This paper is organized as follows: In section 2, we get the WZ term for 6d ^at-i 
(2, 0) theory in a generic Coulomb branch from the supergravity calculation. Part of the 
details is given in appendix A. In section 3, we show that the WZ terms obtained from the 
supergravity calculation could indeed compensate the anomaly deficit thus guarantee the 
anomaly matching condition. In section 4, we discuss the possible degrees of freedom in M5 
branes producing the WZ term. In section 5, we caculate the WZ term for the 3-algebra 
valued (2, 0) tensor multiplet. The conclusion is in section 6. 

2 The Hopf-Wess-Zumino term from the supergravity 
calculation 

Consider the 6d (2, 0) field theory describing N M5 branes. On a generic Coulomb branch 
(0", • • • , (pjf) with a — 1 ■ ■ - 5 and (pi 7^ (f)j, for i ^ j, the gauge symmetry is broken to U (1)^. 
On supergravity side, we have N M5 branes locating at (0i, • • • , (f)^). On field theory side, N 
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copies of (2, 0) tensor multiplets remain massless, while the rest fields get masses. Integrating 
out these massive degrees of freedom, one may obtain the effective action of the Qd, (2, 0) 
field theory on Coulomb branch. At least for WZ terms, the calculation on both sides should 
coincide. 6d (2, 0) field theory is still mysterious to us, while the multi-centered supergravity 
solution of M5 branes is more tractable, so we will try to get the WZ term in the effective 
action through the supergravity calculation. 

The action for the coupling of M5 branes with the lid supergravity could be written as^ 
[12, 13, 14] 



S — Sg + Sm5 

2/t2 J Mil 



r i i 

/ - - * F4 A F4 - -F4 A F4 A ^3 

Jmu 2 6 



- Ts / d^^J- det{g^^ + (vS/is)^^^) + ^vi A /is A 5 (vi A S/is) 

J We ^ 

+ 5 / rf62AA3 + ^ / A3AF4 (1) 
2 JWe 2 JWr 

where F4 = dA^, Wq = dWr, 

F4^F4 + 2k^T^ * Gr, (2) 

/is - db2 - A3. (3) 

d* Gt = *Jq. * Jg is the the M5-brane current. The last term in (1) is just the Hopf-Wess- 
Zumino term proposed in [4]. The field equations for F4 are 

dF^ = 2K^n * Je, (4) 

1 ^ 

d * F4 + -F4 A F4 = -2av^T5 ha A * Jg. (5) 

*G-r, A3, and F4 have the dependence on gauge, while * Jg, /is, and F4 are gauge independent. 
(4) and (5) only contain gauge invariant quantities. 

Suppose the vacuum expectation values of 62 are equal to zero, consider N M5 branes 
locating at • • • , 0Ar). The WZ term is related with the electric-magnetic coupling, so we 
only need to calculate the magnetic field generated by M5 branes in the given configuration, 
which, in present case, is 

N N 

A = E^4^ = QlE^4^, (6) 

i=l i=l 

where is the unite volume form of S"^ surrounding the ith brane. The corresponding 
3-form field is 

TV N 

^3 = E^3i =(3lE^3i. (7) 
1=1 i=l 



^Just as the (6.15) in [14], *F4 could be added into the worldvolume of the M5 brane, but then an equal 
term will appear in the bulk. 
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da^i — 0J4i. To calculate the WZ term on the jth M5 brane, we need the puUback of ^3 and 
F4 on the corresponding Wt. The puUback of on vanishes, so we simply have 



N N 

iWrj JWrj '•'W7u=i k=l 

where da^ij — ui^ij. uinj is the puUback of uj^i on Wij. Altogether, 

rp N „ n'^T N N N „ 

in I ^3AF4=^EEE / -3.Aa;4., (9) 



^ . N N 

/ ^3 A F4 = / AsAF^^Ql Y.^'sij A J2uj4kj, (8) 



Aside from the F4AF4A A3 term in supergravity, / A3 A F4 is the other term which has the 
scaling. 

However, (9) is still not exactly the WZ term in the effective action. First, when i = j = k, 
we get a self-interaction term. There are totally such terms. These self-interaction terms 
will be produced only after the N massless tensor multiplets are also integrated out. Since we 
only integrate massive degrees of freedom, these terms will not appear in the effective action. 
Second, as is shown in the Matrix theory calculation [15], for the given brane configuration, 
or equivalently, the Coulomb branch, the more accurate expression for the effective action 
on supergravity side should be 

^eff = Sg + Sm5, (10) 

where Sg is the action of the supergravity fields generated by M5 branes, while Sm5 is the 
action of M5 branes on the background generated by themselves. Sg/f is on-shell with respect 
to supergravity as it should be. (9) comes from Sm5- In appendix A, we will show that Sg 
contains a term which is —2/3 of (9), so altogether, we have 



WZ — — — 



N N N , N 



E E E / ^3ij A UJ4kj - E / A Uiii) (11) 

.•1 .-1 I. 1 JW74 .-1 JWri 



i=l j=l k=l ''^■'i i=l ''^■ri 

or 

q3 N N N ^ N 



2k^TwZ = -7^(E E E / ^3ii A iOikj - E / 0-3n A iOui), (12) 
j=l j=l fe=l -^W^Tj i=iJW-,i 

where Qi = 2n'^T^. 



3 The anomaly matching 

At the origin of the moduli space, 6d, Ajv-i (2, 0) field theory has the following form of 
anomaly when coupled to a background SO{5)r gauge field 1-form A, and in a general 
gravitational background [16, 17]. 

Is{N) = {N- l)Is{l) + ^{N'- N)p,{F). (13) 
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/8(1) is the anomaly polynomial for a single, free, (2, 0) tensor multiplet [18, 19]: 



p,{F)-p2{R) + ^{p,{F)-p^{R)f 



(14) 



P2{F) is the second Pontryagin class for the background S0{5)r field strength F: 



At a generic point of the moduli space, the only massless degrees of freedom arc N — 1 
copies of tensor multiplets giving rise to the anomaly of (A^ — 1)J8(1). However, based on 't 
Hooft anomaly matching condition, the integration out of the massive degrees of freedom will 
produce the WZ term in the effective action, which will offer the missing (A^^ — N)p2{F) /24 
part so that the total anomaly is still the same as before [4]. In the following, we will show 
that the WZ term in (12) could indeed give the {N^ — N)p2{F) / 2A part of the normal bundle 
anomaly. 

Turn on the background SO{5)ji gauge field A on Wq. dWj — Wq,so A could be smoothly 
extended to Wi. On Wy, we have gauge field Af' = — A^", with a, 6 = 1 • • • 5, i = 1 • • • 7. In 
presence of the background field A, the puUback of the unite volume form on W^ becomes 

uS.A) = ^e4(0,A) = ^6„,...,J(Ai0)'^nA,0)'^^(A30)"nA40)'^^ 

-2FrX%DJr{DJr + F^^X'KTir'dx'^ a • • • a dx'\ (16) 

{DiipY = di(j)"- — Af4>'', F^j' is the field strength. is a unite vector in the transverse space 
R^. If u;4{(p, A) represents the puUback of the 4-form field strength generated by the ith M5 
brane on Wjj, is determined by the relative position of W^i and W^j. Especially, at the 
boundary of Wjj, (f) is simply determined by the relative position of W^i and Wqj in the 
transverse space, i.e. 

m - (Pj\ 

where 0" is the vacuum expectation value of scalar field for the ith M5 brane. 

64(0, A) is the global angular form defined over the sphere bundle with fiber S"^ and base 
space Wj. 

de4 = 0. (18) 

Under the S0{5) transformation, 

0" 0« + A«^0^ 

j^ab _^ A'^'' + dA"''+ [A,A]"^ (19) 

D(f)'^ and F"-^ transform covariantly under (19), while 64(0, A) is 5*0(5) invariant. For the 
present problem, wc have A^^ — A^ global angular forms 64(0, A) with different but the 
same A. Since 64 is 5*0(5) invariant, they can also be equivalently represented by 64(0, A) 
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with the same 4> but different A. P2{F) is the second Pontryagin class of a rank 5 real vector 
bundle, nevertheless, we still have 

P2iF) = x{F)\ (20) 

where x{F) is the Euler class of a rank 4 subbundle with the orthogonal line bundle trivial. 
One can always choose particular 0o so that 

eSo.A)^x{F) (21) 

Actually, for such (p^. Dlp^ = 0, so e4(0O) A) reduces to the Eulcr class. We take this 0o as 
the standard and transform all of the angular forms into the form of 64(00, A), where A are 
different connections defined on the same normal bundle. Just as the invariant polynomials, 
if A and A' are two different connections, 

64(^0, A) - 64(00, A') = deSo. ^) - de3{(i>o, A') = dR{4>o, A, A'), (22) 
with 63 the corresponding Chern-Simons forms [16]. 

R{^o,A,A') = £dt £„,..„,[( A0o)'^n A0o)"^ (23) 

where 



rj^A-A', At^A' + trj, F.^dA^-J^, Dt^{d-At). (24) 
R{4)o,A,A') is S0{5) invariant. 

63(00, i) - 63(00, i') = i?(0o, Ai')- (25) 

For different connections, 63 only differ by a S0{5) invariant term. 
Return to the original global angular form 64(0,^4), we will have 

eS,A)=xiF) + da{^,A), (26) 

64(0, A) A 64(0', A) = p2{F) + d^(0, 0', A), (27) 
where both a and (3 are SO{5) invariant. 

P2{F) = d[es{4>, A) A 64(0', A) - /3(0, 0', A)]. (28) 

By descent equations, 

<5[63(0, A) A 64(0', A)] = Sp',{A) = dp\{A). (29) 
Now, consider the 5*0(5) gauge transformation of (12). For each term, 

5[\j a3(0,A)Aa;4(0',A)] = f 63(0, A) A 64(0', A)] 

= 1/ dp\{A)^^ j p\{A). (30) 

24 Jwr 24 Jwe 
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There are totally — N such terms, so T^z could indeed reproduce the {N^ — N)p2{F)/2A 
part of the anomaly. 

If the SU{N) group is broken to some subgroup like U{Ni) x U{N2) x SU{Ns) with 
Ni + N2 + = N, the deficit of the anomaly produced by massless degrees of freedoms is 
{N^ - Nf - Nl - Nl)p2{F) /24. Corresponding, Twz wiU contain - Nf - - iV| terms 
exactly compensating the deficit. 

4 The degrees of freedom in M5 branes producing the 
WZ term 

The supergravity interaction between D-branes is pairwise. This is consistent with the fact 
that the WZ term for N D-branes in a generic Coulomb branch could be written as the 
sum of N{N — l)/2 terms labeled by (ij) index [5, 6]. On the other hand, the / A3 A 
F4 term in the action of M5 branes gives a triple interaction. That is, three M5 branes 
could interact simultaneously. The supergravity interaction for D-branes is produced by 
open strings connecting two D-branes. Similarly, one may expect that the triple interaction 
/ A3 A F4 could be produced by open M2 branes connecting three M5 branes. 

Another example of A^'^ interaction is given by M theory compactificd on a Calabi-Yau 
threefold with AI5-brancs wrapping 4-cycles, giving rise to A^ = 1 5d supergravity along with 
the chiral strings [20, 21]. In the bulk, we have Chern-Simons term Ci A dCi A dCi, while 
in the worldsheet of chiral strings, / Ci A dCi may exist [4]. These degrees of freedom in 
entropy are explained as states living at the triple-intersection of M5 branes [22, 23]. 

In [8] and more recently, [9], the 1/4 BPS objects in the Coulomb phase of the ADE-type 
6d (2,0) superconformal theories are explored. They are made of waves on self dual strings 
and junctions of selfdual strings. Especially, in [9], it is shown that the number of 1/4 BPS 
objects matches exactly one third of the anomaly constant cq = dchc for all ADE types, 
which strongly indicates that the anomaly may be produced by these 1/4 BPS objects. In 
case, there arc A^(A^ — l)/2 1/2 BPS selfdual strings with tension Tij oc |0j — On 
each selfdual string, there are left and right 1/4 BPS waves. Turning on these BPS waves, 
we get N{N — 1) 1/4 BPS objects. For every three M5 branes ijk, 1/4 BPS junction exists. 
The tension of the string junctions is characterized by — — 0^1, — The 

junction forms a dual lattice to the triangle Ajj^, if one indentify the SO{h) in Wq with 
the S'0(5) in the transverse space. For such configuration, the tension of selfdual strings is 
balanced and the junction is 1/4 BPS. There are totally A^(A^ — 1)(A^ — 2)/3 such objects 
because of the junction and anti-junction. Altogether, the 1/4 BPS objects on N M5 branes 
in a generic Coulomb branch is N{N'^ — l)/3. 

Let us rewrite (12) in a more symmetric way. 
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where 

^ijk — ^-[j {0'3ji/\^4:ki+0'3ki^^4ji)+ j {o'3ij^i^4kj+(^3kj^i^4ij)+ j {csik/^^^Ajk+f^Sjk^^iik)] 

(32) 

Qi f f 

JW7i JWrj 

It seems that junction and anti-junction may produce the term Qijk, while left and right 
waves on self dual strings could give flij. Recall that in D-brane case, the WZ term arising 
from the integration out of massive fermions ipij is expressed in terms of the vector (pi — (pj 
[5, 6]; here, the WZ term produced by string junctions {ijk) could be calculated from the 
vectors {(pi — (f)j,(f)j — (t>k-i(i>k — (t>i)- When i — k, the three string junctions degenerate to 
one selfdual string with tension Ty oc |0j — 0j| and the other tensionless selfdual string 
perpendicularly ending on it. So, in some sense, selfdual string with waves is a degeneration 
of the string junction. Qij = ^{^iji + ^jij)- 

Except for Jyy^ A F4, M5 brane action contains another term Jy^^ db2 A A3 = — Jy^^ 62 A 
F4 = Jyy^ H3 A A3. Now suppose the vacuum expectation value of 62 on the ith M5 brane 
is b2i, /^;i/g H3 A A3 part of the WZ term should also enter into the low energy effective 
action, although it does not contribute to the anomaly since dH3 — 0. In [7], based on the 
supergravity calculation, it is shown that 

J i/3 A A3 oc - ^ y b2ij A uj4ij = / H3ij A (Jsij, (34) 

where b2ij = 621 ~b2j, H3ij = db2ij = i^si — -f^sj- This is the typical pairwise interaction. The 
reduction of Jy^^. H3 A A3 on S"^ gives Jy^^^ F2 A A3, the WZ term of the 5d SYM theory. In 
5d SYM theory, /^^^^ F2 A A3 is generated by the integration out of massive fermions coming 
from the selfdual strings wrapping 5*^, so it is quite possible that (34) is produced by 1/2 
BPS selfdual strings. 

The non-abelian part of the R-symmetry anomaly are all accounted for by 1/4 BPS 
objects. R-symmetry anomaly and Weyl anomaly are related by supersymmetry. In [24], 
the conformal anomaly of 6d (2, 0) SCFT of A^v-i type is calculated as 

A2,^{N) = {N- l)Atens + {N' - N)A, (35) 

where Atens is the conformal anomaly of the free (2, 0) tensor multiplet. It is expected that 
the 1/4 BPS objects could produce {N^ — N)A, if they could give the corresponding part in 
R-symmetry anomaly. Note that N — 1 1/2 BPS massless particles and N{N — 1){N — 2)/3 
junctions of selfdual strings always contribute to the anomaly and entropy. However, the 
A^(A^ — 1)/2 selfdual strings have no contribution to the anomaly nor entropy unless the BPS 
waves are turned on thus the supersymmetry is reduced to 1/4. Once the selfdual strings 
become 1/4 BPS, the anomaly polynomial of them is the same as that of the string junctions, 
since the 1/4 BPS selfdual strings could be taken as the degeneration of the string junctions. 
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Then the question is why the 1/2 BPS selfdual strings have no contribution to the anomaly 
nor the entropy. In N = 4 SYM theory, 1/4 BPS states arising from string junctions ending 
on three D3 branes also exist [25], however, the anomaly and entropy arc both give by 1/2 
BPS particles. In some sense, the 1/4 BPS states could be taken as the bound states of the 
1/2 BPS states, so it is likely that for = 4 SYM theory, 1/2 BPS states are fundamental, 
while for 6d (2, 0) theory, it is the bound states which are dominating. 

The general form of the anomaly for a 6d (2, 0) SCFT of the ADE type G is 

^2,0 = roAtens + CqAx, (36) 

where cq = dchc = rchcihG + 1). tq, dc and he are the rank, the dimension, and the 
Coxeter number of the Lie algebra of type G. The theory contains 1/2 BPS massless 
particles, rchc 1/2 BPS selfdual strings, and cg/3 1/4 BPS objects. The anomaly of the 
single M5 brane does not have the Ax part, so rc 1/2 BPS massless particles only contribute 
to Atgns- Then Ax should be generated by 1/2 BPS selfdual strings or 1/4 BPS objects. 
If one wants to interpret it in terms of selfdual strings, each selfdual string should give the 
anomaly of {ho + l)^x, which in SU{N) case, is {N + l)Ax. It is difficult to explain this 
ha + I factor. Otherwise, since the total number of the 1/2 BPS states is da, they can 
account for the Ax part if each one contributes ha Ax- This looks more reasonable, but the 
problem is that the r^r 1/2 BPS massless particles will contribute to Afens as well as Ax- The 
most natural possibility is that Ax is produced by 1/4 BPS objects, which are intrinsically 
three selfdual string junctions. 

Finally, notice that for = 4 SYM theory, the anomaly takes the form A4 = {N'^ — l)Ayec, 
where A^^c is the anomaly of a free vector multiplet. The anomaly is not renormalized from 
weak to strong couphng, so we can calculate it from the free field value. Besides, N'^ — 1 
elements in the Lie algebra give the same contribution to the anomaly, indicating that they 
are allowed to transform into each other. On the other hand, for 6d (2, 0) SCFT, the anomaly 
polynomial is of the form ^42,0 — {N — l)Atens + {N^ — N)Ax other than (iV^ — 1)A, which 
seems indicate that there are something special about the non-abelian part. 

6d (2, 0) SCFT compactificd on gives 5d, SYM theory. Selfdual strings wrapping on 
become 1/2 BPS particles. The unwrapped selfdual strings and 1/4 BPS string junctions 
in 6d descend to the corresponding string-like objects in 5d [8, 9]. String junctions may also 
appear as point-like particles in the compactified theory. Consider the 6d SCFT compactified 
on a Riemann surface T,g with g > 1 [26, 27, 28] , the T part of T,g is the natural place for 
string junctions to wrap. Eg is built from 2{g — 1) Tn blocks and 8(51 — 1) In blocks. Tn 
and In are spheres with 3 and 2 full punctures respectively. The dimension of the Coulomb 
branch for Tn and In are 

dcTN = = N-1. (37) 

The effective number of vector multiplets for Tn and In are 

2N^ 3N^ N „ 
rivTN = -3 ^-"^ + 1' ^"^^ = A^' - 1. (38) 
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Note that 



2{g - l)d,TM + 3(^ - l)djM 



1) 



(39) 



and 




N 



3 



1) 



(40) 



are the dimension of the Coulomb branch and the effective number of vector multiplets for 
the Tig theory. EspeciaUy, when = 1, Ei is simply constructed from one In- The degrees 
of freedom arising from strings could be calculated as 



riTjv could be naturally accounted for by string junctions^, while nij^ is associated with the 
selfdual strings. In the generic point of the Coulomb branch of Tjv, the Seiberg-Witten curve 
is a Riemann surface with (A'^ — 1)(A^ — 2)/2 genus and 3A^ simple punctures [27, 29]. In 
that case, n^j^ could also be explained as the number of M2 branes with two boundaries. 
However, at the origin of the moduli space, the only nontrivial configurations are M2 branes 
with three boundaries. The anomaly polynomial Ie{N) in 4d is obtained from IgiN) in 6d 
by the integration over Eg [30, 31]. Both of them have a scaling part. 

5 WZ term from the integration of massive fermions 

The WZ term could be derived by a 1-loop calculation in field theory. For SU{N) gauge 
theories, this has been done in [5, 6, 10]. In Coulomb branch, fermions get mass due to 
the Yukawa couphng. The integration of the fermion loop gives WZ terms in the low en- 
ergy effective action. We don't know the structure of the 6d (2, 0) field theory. A recent 
calculation on scattering amplitudes [32] indicates that an interacting 6d Lagrangian with 
classical 05*^(814) symmetry cannot be constructed using only (2,0) tensor multiplets, even 
if the Lagrangian is non-local. A Lagrangian description may exist, however, if one includes 
additional degrees of freedom, for example, the selfdual strings. It is possible that the 60? 
(2,0) theory may be quite different from the ordinary field theories, and so, the WZ term in 
the effective action should also be calculated in a pecuhar way. Alternatively, if the theory is 
constructed as a normal QFT containing fermionic degrees of freedom and the corresponding 
Dirac operators, then at a generic Coulomb branch, the WZ term may be calculated by a 
standard fcrmion-loop integration. In both cases, the Hopf-Wess-Zumino term should be 
generated to compensate the anomaly deficit. In the following, we will discuss the WZ term 
for the second possibility, especially, for the 3-algebra valued tensor multiplet. 

For the calculation of the WZ term, the input from the field theory is the Dirac operator 
involving Yukawa couplings as well as the gauge couplings. For SU{N) gauge theories, the 
Yukawa coupling is Ti[X^,iIj]. In Coulomb branch, it becomes r/(0f — giving mass 

|0i — (pjl to ipij. \(f)i — (f)j\ is the length of the string connecting the ith and the jth D- branes. 

•^String junctions could give 2C^, but the extra factor 2 is a little difficult to explain. 



^Tn = n^Tpf - dcTpf = 4C^ 



(41) 
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On the other hand, the Lagrangian of the M2 branes has a sextic potential [33, 34, 35, 36], so 
the fermion mass scales as the area other than the length, reflecting the fact that M2 branes 
are connected by M2 branes other than strings [38, 39] . M5 branes are also connected by M2 
branes, so we may expect that the fermion mass will give the area of the M2 branes connecting 
different M5 branes. However, there is a difference. The M2 branes connecting parallel M2 
branes are totally located in the transverse space. The endpoint is simply a point. As a 
result, the Yukawa couphng in BLG model takes the form of TjTj[X^,X-^,ilj] [33, 34, 35], 
where and X"^ carry the transverse index. Conversely, the M2 branes connecting parallel 
M5 branes have one dimension living in the worldvolume of M5. The endpoint is a string. 
Correspondingly, we may have TuTilC^, X^ , ■0], where // = • • • 5, / = 6 • • • 10. 

Actually, in [11], an attempt to find the Qd (2, 0) theory with the 3-algebra structure has 
already been made. It was shown that for the closure of the supersymmetry, an additional 
vector must be introduced, while the 3-brackets appearing in the equations of motion 
always take the form [C^ ^ A^B]. Later, in [37, 40], the equations of motion found in [11] get 
a natural interpretation as the supersymmetric gauge field equations in loop space. is 
associated with the vector tangential to the loop in the worldvolume of M5 branes. 

The field content in [11] includes the tensor multiplet composed by X^ with 7 = 6 • • • 10, 
■0, and H'^'^^ with i/, A = • • • 5, an auxiliary gauge field A^^, and a vector field C. X^ , 
■0, H>^'^^, and take values in a vector space A with the basis i", i.e. X^ — X^t"', etc. As 
a 3-algebra, A has an associated Lie algebra spanned by the transformations [t°',t'^,*], 
where * stands for an arbitrary element of A. takes values in g^. A^^X^ = A'^i^[t°',t'',X^], 
etc. A^' and H^"'^ are related by F„7[t", t\ *] = [Cx, H^"'^, *], with F^^ the field strength of 
A'^fj. So, for the given Cx, F'^" is actually a transgression of Hf^"^ [37]. 

The equations of motion for 3-algebra valued (2, 0) tensor multiplets found in [11] are 



[c^ c^ *] = 0, 

V^C = 0, 

[Cf, VpX', *] = 0, [C^ V,V', *] = 0, [C^ VpH,,x, *] = 0, 
F"'' - [Cx, H'^"^, *] = 0, 

r^v'^V' + [c^x^r^r,V']=o, 

v^x^ - [c^ ^, r^rV] + [c^, X', [c„ Xj, x']] = o. 



(42) 
(43) 
(44) 
(45) 
(46) 

(47) 



(48) 



where V = - iA^", X\ 



ip, H^,x eA,C'^eA.y Ci, C2 e A, [Ci, C2, *] = 0. 



F"" = d^'Ai' - d^A"" + [A", A^"]. 



(49) 



The supersymmetry transformations are [11] 



5X^ ^ 
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6C^ = 0. (50) 

When — 0, (42)-(48) reduce to the equations of motion for free tensor multiplets. 
We may take C'* as a vector associated with the selfdual strings. The length of may 
characterize the length of strings. When the strings shrink to points, which arc described by 
tensor multiplets, the interaction disappears. A particular corresponds to a particular 
set of selfdual strings with the given length and the orientation. We want to take as the 
new degrees of freedom added, so we will not specify it. The path integral may cover all 
possible configurations of C^. 

Now, consider the Coulomb branch of the theory. The supersymmetry transformation 
(50) suggests that the vacuum configuration is given by constant X^ satisfying [C*, X^, X"^] — 
0. Choose a maximal subspace Aq, Aq C A, \/A, B e Aq, VC e A, [C, A,B]^0. A = Ao©Ai, 
there is a special set of basis \t^---t^} for Ai, VC e A, VA e Aq, [C, A, t"^] (xt"". Aq and 

• • • i-^l could be taken as the Cartan subalgebra and the roots respectively. Suppose the 
vacuum expectation value of X^ is given by X^ , X^ e Aq. [Cf^, X^ ^f^] = Similarly, 
suppose the vacuum expectation value of H^""^ is H^""^, H^""^ e Aq, then [Cx, H^''^,t"^] = 

Plug the vacuum expectation values into the Dirac equation for fermions. Let denote 
fermions taking values in the root t™. From (46), 

r^V^^I;^ + <t>L^mi^l;"^ = 0. (51) 

Besides, 

[Ca, h>^''\ r^r.^'"] = /rr^r.v^-. (52) 

The form of the Dirac operator in (51) is quite natural, so it may also appear in other models 
for 6d (2,0) theories, for example, [41]. V'"* are the 6d anti-chiral fermions. Written as the 
lid Majorana spinors, FyV'"^ = —fp'^, where = Foi2345- Just as that in [5, 6], the WZ 
term could be written as 

F^ = Tr {m {iToT^d^ + FqF^^^ + zFoF'^F.^y , (53) 

^"^"^ SP[{^\ , . .1 , .... ^r''r,(i^)], (54) 



50^^(x) ' ir^d- + F,A^ + iF-F,0^, ' ' ^ ^ 2 

where Sp is the trace in spinor indices. WZ term comes from the imaginary part of the 
effective action. Taking the difference of (54) with its complex conjugate, 

^-^^^"^ ^ Asr^Url ^ Ir^F'^FrF.l 
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= -lsp[{x\hx)mir7] 



-\sv\lyc\^\x)V>'ViV7\. (55) 



(55) could be expanded as the sum of the terms proportional to 1 or Tri^u^ ■ ■ ■ Tm^), where 
Ml, . . . , Mfc are distinct indices. Note that TriJ^u^ ■ • • Tm^) = unless k = 11, so we need 
to extract the term proportional to Tri^^ ■ ■ ■ Fio) oc eo...io- In the numerator, iFT/^^j, in Tf) 
will be kept, while in the denominator, 

^ = -9^ + </.^^C/ + ^r,r./r - r,r-r,5>L + ^^''ViA.ci^L + • • • , (56) 

where jl^^ = - + [A^^, A^J, 

The integral that needs to be performed is 



2> 



ir(n + l-f) 1 



(2V^)<^r(n + i)( /0r;0M;)2n+2-.- 



(58) 



The constraint [C^, V^^™, *] = reduces the dynamics from 6d to 5(i. If is taken as the 
vector tangential to the selfdual string, the constraint means that the physical momentum 
of the string is along the transverse direction. As a result, d = 5. 
Forn = 4, 2n + 2 - (i = 5. 



ir—. — ^ OC 5^ , 



The term containing one f!^ and three d^cf)^^ is 



(59) 



oc 



Sp\rPT''TP^ T"^ TP^' T"-' T^Tf'TjTj^ Tj^Tj^ TlTj] (60) 
The counterpart of Li in the low energy effective action is L[ oc Jiy^ H3 A A^, 
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Here m denotes a particular root. If m ~ (i, j), 0^ = 0^ - 0j = hmpu/j, = hip^^ - hjp^f, = 
Kjpvn- In general, one may expect that 0^ could be expanded as 0^ = SfeCfc^a^, where 
Ck/M and a[. arc vectors along the longitudinal and transverse directions respectively. The 
simplest situation is 0;^^ = c^^.^;^. dp(j)'^^ = dpCmAin + Cmudp4>i^ = Cmydp(tii^. There- 
fore, 9,30;^3^3r^3r-3rA0L^ = |cm|2r^35^^0J30L^ Similarly, 9,,0;(,v,5p.0-^L.r^T^T^^r- ~ 
— |c^p(?p^0;^(?P2 0;^r''ir''2, where we have neglected the term involving cj^9,^0;^. (60) is 
simplified to 



To get the nonzero result, the first six Gamma matrices should multiply to 1, while the last 
five Gamma matrices should cover Fg ■ ■ ■ Fiq. The trace then becomes Sp\rQ ■ ■ ■ Fio] ~ eo - io- 
pi, p2 and p3 must be different, so {p^v.ji} = {pi, P2, Ps}- One can similarly expand fmpu 
as fmpu = hmppaC^- fmppCmi^ = hmppaC^Cmp,. As is mentioned before, is not fixed but 
should also be integrated in the path integral. The orientation of the selfdual string in 
6d spacetime is arbitrary. Summing over all possible directions, J^c'^Cmp, = \cm\'^gp, so 
^ fmpvC-mp, — hmpva^c'^^mp, — |cm| hj^pup,- (62) then becomes 

5Li _ \Crn\{^ hrn)pvi,dp^<\)i\dp^<\)'^^dp^(\)il<\)^^ .pvt^PiP2Ps 



^ \-^m\\- ■''mjpup^pi^m^p2^m^P3^m^m ^pyppip2p3 ^ ^'RQ^ 

Compared with (61), (63) contains * which is resulted from F7 inside the trace. This is not 
quite satisfactory, but luckily, since */i = /i, (61) and (63) still coincide up to a |cm| factor. 
Notice that to get Li which is close to L'^, d = 5 is quite crucial. For an ordinary 60? 



theory without the constraint, the denominator is (y 0TO/i0m/)^"^> '^ne cannot get L\ no 
matter which n is taken. In other words, to get the WZ term A ^43, the basic degrees 
of freedom should be the \d object with 5d momentum other than the Od object with 6d 
momentum. For 1/2 BPS selfdual strings, the momentum is along the transverse direction, 

since the momentum along the longitudinal direction may reduce the selfdual string to a 
1/4 BPS state [42]. So the constraint in [11] may indicate that the selfdual strings involved 
in equations are 1/2 BPS states. The WZ term Hj, A Aj, is generated by 1/2 BPS selfdual 
strings. 

In [43], the anomaly of the 1/2 BPS selfdual strings coupling with tensor multiplets was 
discussed in analogy with the anomaly of M5 branes coupling with supergravity. In the 
generic Coulomb branch, there are N{N — 1) selfdual strings acting as the sources for the 
relative 3- forms hij. H3 A A3 is exactly the term in the bulk canceUing the selfdual string 
normal bundle anomaly [43]. When reduced to 5d, A A3 becomes F2 A A3, which is the 
term needed to cancel the normal bundle anomaly of the magnetic monostring [43]. On 
the other hand, F2 A A^ could be obtained in 5d SYM theory by the integration out of the 
massive fields which are the quantization of the electric dual of the monostring. The dual of 
the selfdual string is itself, so we may expect that H^AA^ could be derived by the integration 
out of the fields which are the quantization of the selfdual string. 
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The next problem is to get the WZ term corresponding to A3 A F4 ~ 0-3 A a;4, which 
is far more difficult. The field theory calculation gives ^Fp^^/^^^, the counterpart of the 
Lorentz force on supergravity side. Consider a M5 brane in a background field F4, the action 
contains the term S = — Jy^r^ Ae, dAe = *F4 + A3 A -F4/2. 



5S 1 



= —zrre 



P1P2P3P4P5P6 



5(t)^ 6! 



^ cPlP2P3P4P5P6r , ^ ^ 1 



= /6/ + ^?6/. (64) 

y"' are embedding coordinates, ni = Q • ■ • IQ, Y^ = (j)^ . f^j and g^j are forces related with 
the magnetic-magnetic interaction and the electric-magnetic interaction respectively, g^i is 
the Lorentz force derived from the WZ term. If db2 is also taken into account, 

9ei = ^e''^''^''3''^^^''«9,,y"^9,,y"^9,3y"^9,,y"^9,,y"«9,,y"«(^/i3 a F4),„,„,„3„,„,„e- (65) 
For the WZ term in (32),^ 

^ ill 7, A CJ4fc» _ _ f r_Sa3jj_ ... ^^4fci n 

= ((73ji A F3fci/) (x) - {uJ4ji A F3fej7 + U^ki A F3ji/) (x) . (66) 

^ ^iLJM(t>kid<Pi\ A #fcf A 

up to a total derivative, a is a constant. Except for the 6-form, (66) also contains the 7-form 
because A 004 alone is not closed. 

^ r,j, X — = {(T3jiAF3kiI + a3kiAF3jii){x)-2{uJ4jiAF3kiI+l^4ki/^F3jii){^^ 

(68) 

rTj/ ? {a^ji A F^kii + a^ki A F^jij — a^kj A F^iji — a^jk A F3iki){x) 

—2{u4ji A F^kii + ^iki A Fsjii — uj4kj A F^iji — U4jk A Fsiki){x). (69) 

We need to get the 6-form of (69) from the field theory calculation. The first thing is 
to find an explicit expression for (73. Consider the 5d transverse space with coordinate 0"% 
tti — 6 ■ ■ ■ 10, 

UJ4 = ea,a,a3a,a,T^,r'dr' A d^' A d^' A d^' = 4- (70) 



''Here, for simplicity, the last line in (66) is denoted as the differential form, but it should be more 
accurately written in the form like that in (64) and (65). 
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(73 could be constructed in analogy with the gauge field describing the magnetic monopole 
in 3d space. Select an arbitrary vector v , v ■ (f) — \v\\(f)\ cos 9, 

(cos^6'-3cos^ + 2) *{v A(j)) 

(73 = 



3sm^9\v\\(p\ 

ea^a.asa.a.v'^'r'dr' A A d^' ■ (71) 



{v <f>f - 3iv (f>)\ 


v\ 


'\<t>\' + 2\ 


\v\ 




3sin^^| 


\v 


4 


i0r 



£73 is singular on a ray OV starting from the origin and extending in —v direction. In lid 
spacetime, OV x We — Wj. W-j is the Dirac brane similar to the Dirac string [12, 14]. 
Replace v by —v, we get another (73. Take the average of these two uzs, the last term in 
(71) could be dropped. Of course, in this case, the singularity exists in a straight line. One 
may have 



{v ■ <Pjif - 3{v ■ 




v\ 


\'\<Pn\ 


2 


3sin^^| 


\v\ 
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'^Sji = o • 4^1 |4li 7 ^a,a,asa,a,V^'rj! dcl>f, A d^jt A + dX2ji: (72) 



dCsji — UJ4ji- 

a^ji is only determined up to an exact form dx2ji- One may want to take the first term 
of (72) as a^ji for simplicity, but there is a problem. The only input on field theory side 
is the vacuum expectation value (0i, ■ ■ ■ , (p^) on Wq. As a result, we have to construct the 
6-form from (0jj, 0^^) <Pki)- The first term of asji in (72) contains a constant vector v, which 
has no relevance with the vacuum expectation value. We may try to replace v by vectors 
constructed from (0i, • • • , 0jv)- For example, for the 6-form a^ji A F^^ij living on Wq, 



(t>l\ A d(t>'^l A d(t>'^t A d4>'^, A A (73) 

V may be replaced by but then the extra terms should be added because may not 
be constant. 

Notice that the epsilon symbols involved in A F3 and the Lorenz force in SYM theories 
are eMiM2 ■ Mh and ej^^]si^...]si^^ which are equal to the traces of the Gamma matrices product, 
thus could be derived via the 1-loop fermion integration. On the other hand, (73 AF3 contains 
^al■■■as^b^_■■■bs^^l-l■■■^l& with Oj, 6j = 6 • • • 10, /Xj = • • • 5 that cannot be identified with the single 
trace. As a result, a 1-loop calculation cannot produce A3AF4. Maybe a refined integration is 
needed. For example, since each fermion loop gives a single epsilon symbol, one may consider 
two fermion loops, one for (pji and the other for ^^j, giving rise to eai - as^Mi - Ms'^i - '^a 
^H■■■b5^^lA■■■^l6yA■■■Uis respectively. With a suitable contraction, ea^...a^ebi...b5e^^...^^y^...y^e^^...^p'"''^ 
may be produced, from which, one can at most get A F3 other than A F3. This is 
acceptable if the self duality condition is imposed. If we take ipij as the fundamental fields, 
the two loop fermion integration seems indicate that the anomaly is produced by the bound 
state of and which are again three index objects. Given that in standard field theory. 
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the only way to get the epsilon symbols is through the fermion loop integration, one may 
also expect that the 6d (2, 0) theory may not be the ordinary QFT thus cannot be analyzed 
in this way. No matter in which case, even if we could get the correct epsilon symbol, we 
still need to ensure that each term takes the form of a^ji A u^ki with two roots involved. One 
possibility is to start from the three indices fundamental fields at the beginning. Or one can 
take two indices fields as fundamental, but there must be a justification for why ipji and ipki 
appear simultaneously in the integration. 

6 Conclusion 

In this paper, we discussed the WZ term in the low energy effective action of the 6d (2, 0) field 
theory in the generic Coulomb branch. As a topological term, WZ term does not depend on 
the metric nor the coupling, so it is protected. For such terms, the supergravity calculation 
and the field theory calculation will give the same result. There is no available 6d (2, 0) field 
theory at present, so wc will first calculate the WZ term on supergravity side. We then show 
that the obtained WZ term could indeed compensate the anomaly deficit, as is required by 
the anomaly matching condition, thus should appear in the low energy effective action. 

For SYM theory in a generic Coulomb branch, each WZ term involves one root — 
Cj, which is consistent with the fact that the supergravity interaction is produced by the 
integrating out of massive strings connecting the ith and the jth D branes. On the other 
hand, for M5 branes, each WZ term involves two roots — Cj and ejt — Cj. One may expect 
that such kind of triple interaction may be generated by the integrating out of the massive 
objects carrying {i,j,k) indices. A natural candidate is the string junction with tension 
\<Pjk\, \4>ki\) proposed in [8, 9]. 

The 6(i (2, 0) theory may have a mathematical structure which is different from the 
ordinal QFT, or it could just be constructed as a normal quantum field theory. In the latter 
case, the WZ term could be calculated by a standard 1-loop integration. The input from 
the field theory is the Dirac operator on the given background scalar fields and tensor fields. 
The algebra structure is involved. For SU{N) SYM theories, the 2- algebra gives {N'^ — N)/2 
terms characterized by roots — Sj. The Hopf-Wess-Zumino term for 6d (2,0) theory is 
composed by (A^^ — A^)/3 terms with roots (ej — ej,ej — 6^,6^ — e-j), so it may indicate 
a new algebra structure. The 3-algebra may be a natural candidate, but it has no finite 
dimensional Euclidean representation. We calculate the WZ term for the 3-algebra valued 
(2, 0) tensor multiplet theory proposed in [11]. The A part of the WZ term could be 
obtained. However, the A F4 part, which is responsible for the anomaly compensating, 
cannot be produced by the 1-loop fermion integration, indicating that some key ingredient 
is still missing. 
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A The on-shell action for brane-gravity coupled sys- 
tem 

Consider the {d — l)-brane couples with the supergravity fields. The action is [44] 

S Siyrane ~l~ S gravity C^'^) 



d-2 



'-1 



1 . 



d^.X^^'di^X^^ ■■■di^X^^^A 



iMiM2---Md 



— Si -\- S2 -\- S3 



(75) 

S,ra.Uy = ^ / d^xV^[R - ^{d<Pf - ^^^^^^"'^'^'^ ^ll] ^ 

The action of this form is valid for both electric and magnetic branes, while for magnetic 
branes, just let a{d) —a{d). Variation with respect to Qmn, ^M-^M^-Mai ^^'^ lij gives 



rpMN 

brane 



1 



( 



pNMi—M^ _ 



2(d+l) 



(77) 



and 
Then 



jM-i-Md 
brane 



Td j d'^^ €''''-'''di,X^'di,X^^' ■ ■ ■ di^X 
9M(v^e-"('^)'^F^^i-^'^) 



7,,- = d,X''djX''gMNe''^'^'^/'. 



M, 



5^(x - X) 



'-9 



C — ^ [ I rpMN 

•Jl — 2/ ^^~9 -l- brane 9MN 



D 



^ / "^^^m - f )(« - l(3m - ^(1 - ^^j^ 



2 -a 



Plug (79) into (75), we get 



Si + S2 — -zSi 
d 



(78) 
(79) 



(80) 



(81) 
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Prom (78), 



— y a y -'brane ^MiMa-Md 

a{d)4>p2 



2/^2 



{d+l)\ 



-ge 



(82) 



As a result, 



^brane 



2-D 1 



a! 2k2 



2{d+l)\ 



2^2 
2-L) 



1_ j d^x^dM(V^e-^^'^'^AM,M,...M,F''^'-^'^) 



d 



-S, 



gravity 



boundary 



(83) 



For d < 3, or equivalently, for purely electric branes, Sboundary — 0. If Mo has no boundary, 
Sboundary could also be dropped. Then for the given brane configuration, if 5" is on-shell with 
respect to supergravity, we have 



Sbrane '■ Sgravity '■ S — (Z) 2) : ( d) : [D 2 d), 



(84) 



where 



^ brane 



Ta I d%-^J- det(9iX^a,-X^^Mive"('^)'^/'^) 



d\ 



MiMz-MdJ 



(85) 



The extension to multi-brane configurations is straightforward, and (84) still holds. When the 
dimensions of the branes are different, the exact proportional relation is not valid anymore. 
Besides, when Fij does not vanish, i.e. the (p — l)-brane carries p — 1 — 2n charge, (84) does 
not hold. Naively, when D = 11, d = 6, neglecting the boundary term, Sbrane '■ ^gravity '■ 
S — 3 : (—2) : 1^. However, 5" here is not exactly the action for M5 branes coupling with 
supergravity. In the following, we will use (1) as the action to get the same conclusion. 
Now, consider 



S — S (1 ~\~ S 



Mb 



(86) 



'"'Note that for D3, M2, M5 branes, Sbrane/ S equals to 2, 3/2, and 3, while the degrees of freedom on these 
branes seale as A^^, N^^^ , and N''. This is not the eoineidence. Suppose the degrees of freedom on N branes 
scale as iV" . Also suppose that in Sbrane , there is a term T has the scaling. Consider iV + 1 branes with 
large N, when the symmetry is broken from SU{N + 1) to SU{N) x U{1), (N + 1)" - A^" aN""'^ number 
of T will enter into Sbrane- On the other hand, the effective action of the system could be approximated 
as the action of a single brane on the background generated by the rest N branes. In Seff, one may get 
N°'-^T. Obviously, T in Sbrane and T in S^ff differ by a a factor. For £)3, T is / F^, for M5, T is / A^AFi, 
while for M2, T is obscure. 
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with 1 • 1 1 

Sg^—^l *R--*F,AF,--F,AF,AA:, (87) 

Sm5 = -T^ I d^i\j- det(5(^i. + (v^/is)/.;/) + J^'i A /13 A *(t;i A i/is) 

+ ^ / d&2A^ + ^ / A3AF4 (88) 



The field equations are [12] 



rpMN _ 1 



(89) 



(i * F4 + A F4 = -2«;2r5(-^3 A * Jg + F4 A hcGt) (90) 

dFi = 2K2r5 * Je, (91) 

The vacuum expectation value of &2 are taken to be zero, otherwise, (84) does not hold. 
Prom (89), 

V d'XV^T^r9MN = :^J -l*R+l*F,AF, (92) 

JWr 2k JMu 2 4 



2Jwe 2/^2 Jmh 2 

From (90), 
2 JW^r 



/ ylg A F4 = / J * F4 A F4 + ^^4 A F4 A A3 - / /I3 A *F4 (93) 
Jwj 2k^ Jmii 2 4 4«;^ JaMn 



We will still use the general relation (81) for M5 branes. The Nambu-Goto action for M5 
branes is more involved than that for D branes or M2 branes, so the correction may exist, 
but that will not bring too many problems, since our main concern is the WZ term. 

SMb^TT^f -1*R+^*F4AF^ + ]f^AF^AAs + '^ [ *F4--^/ A3A*^4 (94) 

2k^ JMii 2 4 4 2 Jwr 4:K^ JdMn 

S^^l -\*R+-*hf\h + ^F^AFiAA^ + ^ j A3A*F4 (95) 

2k^ Jmh 2 4 12 2 Jwr 4k^ JdMn 

Because of the last two terms, the exact proportional relation does not hold. We are inter- 
ested with (93), which could be rewritten as 

^ / A3 A F4 = / iF4 A F4 A A3 + ^^3 A d * F4 (96) 

2 Jw7 2k.^ J Mil 4 2 

For magnetic field, c? * F4 = 0, the last term vanishes, so the Hopf-Wess-Zumino term is only 
related with F4 A F4 A A3, for which, the 1/3 factor appears. 

Similarly, for D3 branes, one may expect that the WZ term should be one half of the 
corresponding term in the D3 branc action. This is indeed the case, and it is just this rescaled 
term that is obtained from the 1-loop integration and compensates the anomaly deficit. 
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